In order to get efficiency frontier and performance evaluation of portfolio, nonlinear models and DEA nonlinear (diversification) models are mostly used. One of the most fundamental problems of usage of nonlinear and diversification models is their computational complexity. Therefore, in this paper, a method is presented in order to decrease nonlinear complexities and simplify calculations of nonlinear and diversification models used from variance and covariance matrix. For this purpose, we use a linear transformation which is obtained from the Cholesky decomposition of covariance matrix and eliminate linear correlation among financial assets. In the following, variance is an appropriate criterion for the risk when distribution of stock returns is to be normal and symmetric as such a thing does not occur in reality. On the other hand, investors of the financial markets do not have an equal reaction to positive and negative exchanges of the stocks and show more desirability towards the positive exchanges and higher sensitivity to the negative exchanges. Therefore, we present a diversification model in the mean-semivariance framework which is based on the desirability or sensitivity of investor to positive and negative exchanges, and rate of this desirability or sensitivity can be controlled by use of a coefficient.
Introduction
Despite the thousands of investment mutual funds for the rendering services to the investors and high volume of financial transactions accomplished in the these mutual funds [1] and with regard to the plentiful studies performed in this field, no discussions can be raised that portfolio performance evaluation and investment mutual funds' performance evaluation play an effective role in the decision making of the investors in order to invest in the financial markets. Various investors use different definitions of performance evaluation depending on their perspective and outlook in order to predict financial markets.
One of the most important viewpoints in the portfolio performance evaluation is to use portfolio efficiency frontier. In this method, distance of the desired portfolio from efficiency frontier is the considered a criterion for portfolio performance evaluation. Markowitz [2] presented a model in the mean-variance framework for portfolio performance evaluation using this criterion. In this model, existence of the linear correlation among financial assets has led to existence of nonlinear complexities in the model. During recent years, the researches carried out in this field have been concentrated on the results of this theory. Sharpe [3] presented a model in order to decrease the volume of covariance matrix calculations (linear correlation among the financial assets) using return market index. In this method, linear correlation among the financial assets is considered to be zero. Instead, using regression, return of each financial assets is related to return market index which is referred to as single-index model. Usage of Markowitz model involves existence of enough data regarding mean, variance, and 2 Advances in Operations Research covariance between each two pairs of financial assets which include ( ( + 3)/2) of data. Now, if the sharpe singleindex model is used, required data will decrease to (3 − 2) . On the other hand, in the single-index model, it was assumed that return of one asset is only affected by an index (market index) but, due to available weaknesses and lack of ignoring of all indexes affecting the performance evaluation, some researchers created multi-index models via addition of the indexes and nonmarket factors (inflation rate, foreign exchange rate, oil price, industry index, etc.) [4] . M. R. Morey and R. C. Morey presented a diversification model inspired by DEA [5] . Also, in this model, existence of linear correlation among financial assets has been led to existence of the nonlinear complexities in the model. Briec et al. [6] presented a diversification model in the mean-variance framework through introduction of efficiency improvement possibility function (shortage function). For the sake of investors' inclination towards the positive skewness [7] [8] [9] , Joro and Na [10] offered a model in the mean-variance-skewness framework by consideration of the variance as input and skewness and mean as output. In some studies, semivariance has been used instead of variance because variance is counted as an appropriate criterion for the risk when the stocks return distribution is to be in normal and symmetric form, which it is not in such a manner most of times [11, 12] .
One of our basic problems is complexity of the calculations of diversification and nonlinear models. We usually use Lagrange method, KKT method [13] , and various heuristic methods [14] in order to solve these models in case of having the required conditions. For example, in the Lagrange or KKT method, we solve the problem by transformation of optimization problem into linear systems. In order to solve linear systems, there are various methods which, for example, can be referred to the direct methods such as Gaussian and Gaussian-Jordan elimination methods and matrix decomposition methods such as Lu decomposition, orthogonal matrixes, and Cholesky decomposition [15] . Cholesky decomposition can be applied for the matrixes which are positive definite and symmetric. Solving linear systems is one of the principal applications of the Cholesky decomposition. Another one of its application is data production for dependent variable using simulation [16, 17] . In this paper, we, at first, present a linear transformation based on Cholesky decomposition. In continuation, we present a diversification model in the mean-semivariance framework and, using the mentioned linear transformation, decrease nonlinear computational complexities of the Markowitz, M. R. Morey and R. C. Morey, Briec et al., and suggestive models. This paper has been classified as follows: in Section 2, we present a brief description in connection with the Cholesky decomposition, positive definite matrix, covariance matrix, and their properties and finish the section through introduction of a linear transformation and financial interpretation of the Cholesky decomposition. In Section 3, we apply the mentioned linear transformation for Markowitz, M. R. Morey, R. C. Morey, and Briec et al. models and express advantages of the obtained models. In Section 4, we present a model in the mean-semivariance framework and apply the mentioned linear transformation for that and, at the end, the potential integration of higher moments, briefly is discussed. Section 5 includes numerical examples for explanation of the methods and suggestive models. We finish the paper with conclusion in Section 6.
Required Concepts
In this section, we take a look at the required concepts briefly and deal with their properties by presentation of a linear transformation.
Definition 1.
× (square matrix) is known as positive definite matrix whenever
Definition 2 (Cholesky decomposition). If × is symmetric and positive definite matrix then there exists a unique lower triangular matrix × with positive diagonal element such that
Consider the vector random variable = { 1 , . . . , } which has ( ) (mean vector) and var( ) (covariance matrix). var( ) is a positive and symmetrical definite matrix. Therefore, we will use Cholesky decomposition as follows:
Consider the linear transformation presented in the following relation:
We prove that the linear correlation between the random variables of is equal to zero:
Therefore
Financial Interpretation of the Cholesky Decomposition.
Cholesky decomposition technique is one of the available methods for data production from multivariate distributions, Advances in Operations Research 3 because we require data production and simulation in some problems due to historical insufficiencies, lack of enough knowledge concerning future process of variables, and so forth, use statistical properties of historical data, and present random variable with a specified distribution. Now, if this random variable is independent, we will deal with data production using simulation easily, but if we confront with a few variables or a series of random observations having dependence, action cannot be taken any more to simulate each one of the random variables without consideration of their dependence on other variables. In order to solve this problem, we use the following three-step process:
(1) Transfer of data to a space in which there is not any dependence among the variables.
(2) Production and simulation of data in this new space.
(3) Transfer of produced data to the initial space.
One of the main methods to perform this job is Cholesky decomposition. For other cases of Cholesky decomposition usage, refer to the multivariate options evaluation [18] . Cholesky decomposition plays an important role in analysis of the risk factors, putting price on financial markets and risk management; for example, refer to the VAR models [19] and copula models [20] .
With regard to Cholesky decomposition properties, we transfer financial assets from initial space to a new space considering financial assets as random variables and using the linear transformation presented in this paper. In the new space, linear correlation among financial assets becomes zero and standard deviation of financial assets becomes equal to one. Therefore, nonlinear complexities of the mentioned models are decreased in the new spaces.
Reduction of Nonlinear Complexities of the Markowitz, M. R. Morey, R. C. Morey, and Briec et al. Models
In this section, we implement linear transformation of relation (4) on the Markowitz, M. R. Morey, and R. C. Morey models and compare the models obtained from linear transformation with principal models. Before beginning the discussion, we get the relations using the mentioned linear transformation and use them until the end of the paper. Let us suppose that we possess financial assets or portfolios like random variable . We consider the following assumptions:
Now, using linear transformation of = −1
and relation of = −1 , we have the following:
where is defined as follows:
Of relation (9), we will have
The following relation can be concluded from relation (10):
where is sum total entries of the th row in matrix −1 . In continuation, using relation (8), we have
Using relations (6), (7), (8) , and (12), the following relations are achieved:
Markowitz Model.
In the Markowitz model, we consider the mean to be constant in the specified levels and make the variance to be minimum in order to obtain portfolio efficiency frontier:
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In continuation, through implementation of the linear transformation (4) and placement of relations (6), (10) , (11), (13) , and (15) in the model (16), we reach the following model:
where is the same as −1 . It is evident that models (16) and (17) 
By implementation of the linear transformation (4) and placement of relations (6), (10), (11), (12), (13), (14) , and (15) in the model (18), we get the following model:
It is evident that models (18) and (19) 
Advances in Operations Research 5 By implementation of the linear transformation (4) and placement of relations (6), (10), (11), (12), (13), (14) , and (15) in model (20), we get the following model:
It is obvious that models (20) and (21) are equivalent. The second constraint of model (20) has ( 2 + )/2 nonlinear combinations of variables in form of 2 and , but, in the second constraint of model (21), nonlinear combinations of variables decrease up to which is in form of 2 .
Also, here, through implementation of the introduced linear transformation, the nonlinear complexities of model (20) 
Presentation of the Diversification Model in the Mean-Semivariance Framework
Consideration of variance criterion instead of risk criterion is counted as an appropriate criterion in case distribution of random variable that is in symmetric and normal form, but such a thing does not occur in reality. Investors of financial markets do not react to the positive and negative exchanges of the stocks equally and show more sensitivity to the negative exchanges and always intend to increase positive exchanges and decrease negative exchanges. For this purpose, we present the following model in the mean-semivariance framework. We define favorable variance and unfavorable variance, respectively, as follows: We present the following diversification model in the mean-semivariance framework which we consider as output and combination of the favorable and unfavorable variance as input: 
Scalar of 0 ≤ ≤ 1 is specified by the investor. As much as gets close to one, it suggests more priority of the positive exchanges over negative exchanges (with an optimistic vision, investor deals with portfolio performance evaluation), and anywhere it gets close to zero, it suggests higher sensitivity of the investor to negative exchanges (with a pessimistic vision, investor deals with portfolio performance evaluation). Model (23) is general state of model (18) (it is sufficient to place = 0.5). A portfolio has a better performance which possesses a higher . Excellence of the presented model is consideration of the linear correlation among the financial assets because linear correlation among financial assets has been considered to be zero in most of models which have used semivariance. Now, using linear transformation (4) and implementing relations (6), (10) , (11), (12), (13), (14) , and (15) in the model (23), the following model can be presented: 
It is evident that models (23) and (24) are equivalent. The second constraint of model (23) has ( 2 + )/2 nonlinear combinations of variables in form of 2 2 and , but, in the second constraint of model (24) , nonlinear combinations of variables have been reduced to , appearing in form of 2 . Also, here, model (24) has less nonlinear complexities than model (23) and the examples with high data number can be worked on easily due to simplicity of the calculations.
At the end, we are concerned with reviewing a summary of higher moments. As it was stated, timing meanvariance framework is construed as an appropriate criterion for portfolio performance evaluation, in which distribution of random variables (financial assets and portfolio) is in symmetrical and normal form. But Mandelbrot [21] showed that such a thing does not occur in reality. In order to analyze these problems, Popova et al. [22] and Davies et al. [23] used higher moments; for example, refer to skewness and kurtosis [24] as follows:
Relations (25) and (26) are the same as mean return and variance and considered to be the main framework discussed by this paper. Relation (27) suggests skewness or the third central moment. In fact, rate of deviation from symmetry of a distribution is known as skewness. Of the models presented in the mean-variance skewness (MVS) framework as an example, it can be referred to [10, 25] . We were reminded earlier that investors are interested highly in the positive skewness and consider the skewness as the output in the diversification models. Relation (28) represents kurtosis or the fourth central moment. Kurtosis shows the same amount of climax or higher distribution compared to normal distribution. Of the models presented in the mean-variance-skewness-kurtosis (MVSK) frame work as an example, it can be referred to [26] [27] [28] . Considering the conducted researches, investors are interested in low kurtosis and, therefore, consider the kurtosis is input in the diversification models. At the end, we refer to this subject that linear transformation presented in this paper can be used to decrease nonlinear complexities of the nonlinear and diversification models in MVS and MVSK frameworks, but, perhaps, this decrease is not tangible so much, yet this decrease is tangible in MV framework completely.
Numerical Example
In this section, we deal with presentation of three numerical examples in order to describe the suggestive methods and models. We point out that the examples have been solved by use of GAMS (24.1.2) Software, MATLAB (2012) Software and Windows (8.1) Oprating System. Example 1. Consider the data related to 26 financial assets with mean and covariance matrix presented in Table 3 [5] . In this example, we are going to obtain portfolios efficiency frontier achieved from the mentioned financial assets using model (16) and model (17) . For this purpose, it is sufficient to solve model (16) and model (17) for a number of the fixed mean levels. The results can be seen in Table 1 .
With regard to equality (analytical) of models (16) and (17), the obtained results for both models must be equal, but, Advances in Operations Research 7 26.265 in reality, answers of these two models are equal up to one decimal digit, and answers of model (17) are less than or equal to answers of the model (16) . As a result, due to minimization of the problem, it can be concluded that answers of model (17) have a better numerical approximation. In fact, when we use KKT method in order to solve models (16) and (17), size of Hessian matrix used for model (16) will be equal to 676 and for model (17) will be equal to 26. Therefore, GAMS software solves model (17) within a less time span compared to model (16) . Now, if we have 1000 financial assets instead of 26 financial assets, this time difference will be remarkable.
Example 2.
Let us suppose that we consider the data related to 26 financial assets, with mean and covariance matrix given in Table 3 , as portfolios. In this example, we deal with evaluation of the mentioned portfolios performance. Considering equality (analytical) of models (18) and (19), the achieved results for both models must be equal, but, in reality, answers of these two models are equal up to two decimal digits, and answers of model (19) are less than or equal to answers of model (18) (Table 2 ). Therefore, due to minimization of the problem, it can be concluded that answer of model (19) has a better numerical approximation. In fact, when we use KKT method in order to solve models (18) and (19) , size of Hessian matrix used for model (18) will be equal to 676 and for model (19) will be equal to 26. Thus, GAMS software solves model (19) within a less time span compared to model (18) .
The results of Example 2 can be considered for models (20) and (21) . Therefore, due to similar results, we avoid to provide any additional example.
Example 3. Consider the data related to 26 portfolios of Example 2. In this example, we want to evaluate the portfolios performance using model (24) . For simplicity, let us suppose that odd portfolios have favorable semivariance and even portfolios have unfavorable semivariance. Therefore
We solve model (24) for various ( Table 2) . If we consider = 0.5, portfolios number 4 and number 9 will have the best performance. With an impartial vision, performance of these two portfolios is close to each other and they have no priority over one another, but if we consider = 0.4 (Pessimistic vision), portfolio number 9 will have the best performance, and if we consider = 0.6 (Optimistic vision), portfolio number 4 will have the best performance. So, the selective portfolio changes via change of . On the other hand, GAMS software solves model (24) due to the same reasons stated in Example 2 within a less time span compared to model (23). 
